We demonstrate an optical fiber fault location method based on the frequency response of the modulated fiber optical backscattered signal in a steady state low-frequency step regime. Careful calibration and measurement allows for the reconstruction of the fiber transfer function, which, associated to its mathematical model, is capable of extracting the fiber characteristics. The technique is capable of identifying non-reflective fault events in an optical fiber link and is perfectly compatible with previous methods that focus on the reflective events. The fact that the recuperation of the complex signal is performed in the frequency domain and not via a Fourier Transform enables the measurements to overcome the spatial resolution limitation of Fourier Transform incoherent-OFDR measurements even with frequency sweep ranges down to 100-100000 Hz. This result is backed up by a less than 10 meters difference in fault location when compared to standard OTDR measurements.
Introduction
Single-ended optical fiber link characterization techniques have been a point of major focus since the late seventies when Barnosky and others demonstrated that, by measuring the Rayleigh backscattered signal from a pulse sent into the optical fiber, one could extract its physical properties such as attenuation coefficient and eventual power losses along its length [1] . Presently, different techniques for optical fiber characterization are available and standardized such as the Optical Time Domain Reflectometry (OTDR) and Frequency Domain Reflectometry (OFDR) [2] . In any case, embedding any of these fiber-monitoring techniques in Passive Optical Networks (PON) systems remains a challenge in terms of technology and cost-effectiveness not to mention the in-service monitoring paradigm [3, 4] .
OTDR makes use of high-power short optical pulses while measuring the Rayleigh backscattered power as a function of time, its spatial resolution being defined by the duration of the optical pulse. OFDR may present two different flavors: coherent-OFDR (C-OFDR), where the wavelength of a lowpower continuous-wave coherent light source is swept and the heterodyne beat between the backscattered light signal and a reference reflection is measured; and incoherent-OFDR (I-OFDR), where a radiofrequency optical sub-carrier frequency is swept and, once again, a heterodyne beat between the detected backscattered signal and the modulating signal is measured. In both C-and I-OFDR, the spatial profile of the fiber is obtained from the Fourier Transform of the detected OFDR signal and the frequency range covered by the optical sweep limits its resolution. A very complete review of frequency domain optical network analysis, where the distinctions between C-and I-OFDR, their pro's, and con's are highlighted, may be found in [5] .
In terms of the apparatus necessary to guarantee reasonable high dynamic range and spatial resolution, OTDR and OFDR differ greatly: on one hand, OTDR must employ high bandwidth detection in order to increase spatial resolution since it is directly proportional to the probe pulse width, which, in general, has a trade off associated to a reduction of dynamic range since the energy is reduced along with pulse duration [2, 6] . Frequency domain techniques usually make use of a frequency sweep at the source level and a Fourier transform which provides the conversion from frequency to distance based on the sweeping rate. C-OFDR does not require high frequency response detectors since the detection is performed in the base band, but highly coherent sources are needed in order to achieve long range in optical fibers [7] . On the other hand, the resolution of the frequency domain techniques, such as in I-OFDR, are given by the frequency sweep range, which imposes high bandwidth detection bringing up again the trade-off between resolution and dynamic range. High resolution is bandwidth demanding whereas high sensitivity imposes low resolution [8, 9] . Incoherent OFDR measurements have been extensively studied in [8] and Rayleigh scattering has been successfully observed. The mathematical model developed in the time-domain concludes that the amplitude of the Rayleigh scattering signal within an optical sub-carrier is inversely proportional to the sub-carrier's frequency (hereby referred to as the high-frequency issue), which complicates signal acquisition when there is a requirement for high spatial resolution. Recently, however, Urban et al. [10] showed that fiber monitoring can be accomplished in a Sub-Carrier Multiplexed PON (SCM-PON) context by measuring the Rayleigh backscattered signal from a high-frequency (up to 220MHz was reported) inside a 20MHz band, which translates into a 10 meter achievable spatial resolution. The method resembles the step-frequency method presented in the late eighties by Nakayama et al. [11] however, instead of disregarding the Rayleigh backscattering and focusing on reflective events as in the latter, the effect of the backscattered signal was exploited at its full potential in [10] .
An alternative to the high-frequency issue of I-OFDR Rayleigh backscattering measurements would be to perform the fiber monitoring in the low-frequency range, up to a few hundred kilohertz, where the 1/f hindering effect is not too harsh. The downside of this approach would be the diminished spatial resolution associated to one's measurement when the Fourier Transform of the acquired signal is taken. In order to overcome this preclusion and, at the same time, improve the signal-to-noise ratio at the receiver's end, we tackle the fiber characterization procedure in a different manner: instead of taking the Fourier Transform we attempt to fit the resulting backscattered signal with its associated mathematical model, which, in order to simplify its description, we model as a spatial-dependent phasor and arrive at an equivalent expression to the one found in [8] , but in the frequency domain. By employing a fitting procedure developed in MATLAB , we show that not only a fiber fault's position but also its magnitude can be identified with high precision.
The remainder of the article is laid out as follows. In Section 2, we present the experimental apparatus, its characteristics, and limitations. Section 3 attempts to develop an intuitive mathematical model associating the acquired signal to an analytic frequency-dependent function. The relation between a fault's magnitude and the signal's amplitude as well as the limitation associated to eventual reflection events along the fiber are also discussed. The experimental results are presented and discussed in Section 4, Section 5 presents the technique's limitations and the impact on in-service data transmission, and Section 6 concludes the article and details our future points of investigation.
Experimental Setup
The experimental apparatus is rather simple and a block diagram identifying its main structures is presented in Fig. 1 . In order to achieve even higher signal-to-noise ratio, we perform the detection in a low-frequency Lock-In Amplifier which is also responsible for generating the modulating optical subcarrier tone. According to [10] , forcing the measuring time to be higher than the round trip time of the sub-carrier signal inside the fiber is equivalent to measuring the steady state response of the system for a given frequency. This way, determining the relative values of magnitude and phase of the backscattered signal for each frequency value in the range is the same as tracing the system's transfer function. By setting the time constant of the Lock-In Amplifier to 300 milliseconds is sufficient to account for the steady state measurement of any practical optical fiber link available (shorter than 3 · 10 4 kilometers) and translates into reasonable measuring periods (less than 5 minutes) given that the frequency is swept from 100 Hz to 100 kHz in 100 Hz steps. Furthermore, the sweep time is long enough so that each measurement is acquired after one time constant of the Lock-in Amplifier, which was verified to be short enough to avoid dragging effects on the measured curve. The noise level at each step frequency measurement is 7nVrms/ √ Hz for the SR530 Analog Lock-Amplifier model employed in the measurements. The Lock-In Amplifier generates the sweeping tone which falls inside the 100 Hz to 100 kHz band and is responsible for determining the relative amplitude and phase parameters of the backscattered signal which composes the system's transfer function. Note, however, that if we take into account the transfer functions of each element apart from the fiber itself and then proceed to calibrate the resulting signal, we get rid of the contribution from the laser diode, the photodetector, the electronic amplifier, and the Lock In, and are left with the fiber's transfer function. The system's calibration is achieved by inducing a reflective event at port #2 of the optical circulator and measuring the system's response. 
Mathematical Formulation
The optical signal launched into the fiber under test (assumed to have a length L) will carry its modulation properties as will the backscattered signal. Upon detection, the modulated backscattered signal will produce an electrical signal with current amplitude proportional to the field amplitude squared and the detector's detectivity [12] . If we disregard the DC term after the detection, which is a good assumption since we are performing a steady state matched detection at Lock-In Amplifier, the electric signal entering the Lock-In Amplifier as a function of time can be written as V (t) = DA cos (ωt), where A is the detected signal's current amplitude and D is the photodetector's detectivity.
For simplicity purposes, we first neglect possible reflective events throughout our mathematical modeling so the total signal intensity arriving at the Lock-In Amplifier is given solely by the incoherent sum of light scattered from all positions of the fiber. Such reflective events, associated to defective connectors and Fresnel reflections due to an abrupt change in the refractive index, will be input to the model after these first considerations are laid out. If we assume the distribution of scattering centers is uniform along the fiber, we can write the signal entering the Lock-In Amplifier as a spatial-dependent phasor in integral form:
where P 0 is the launched probe signal power at the fiber's input and C is the Rayleigh scattering coefficient, assumed to be constant along the whole fiber length. K = nω/c + jα is the complex wave vector of the modulating signal which includes the fiber's attenuation coefficient α in its imaginary part. n is the group index of refraction of the fiber. We now suppose a faulty non-reflective event at position x induces an optical loss δ, where 0 < δ < 1. To take into account this fault, we re-write Eq. 1 as:
where the first integral corresponds to power being scattered back from the portion of the fiber before the loss event whereas the second integral corresponds to power scattered back from the last portion of the fiber, after the fault event at x. The loss factor δ appears multiplying the second integral twice (hence, squared) due to the fact that light passes two times through the fault in its round trip and we assume that the transmission coefficient is symmetric (it is the same whether light is propagating from the generator to the load or in the opposite direction). To simplify the expression, we condensed the constants into R = CDP 0 . Note that the second term in Eq. 2 can be dismembered into two integrals with different limits
which, when substituted back into Eq. 2, yields
The signal arriving at the Lock-In Amplifier can, thus, be interpreted as the combination of two parcels: the modulated backscattered signal from a fiber with length x, which contributes with a factor δ 2 to the overall optical power; and the modulated backscattered signal from a fiber with length L, which contributes with a factor 1 − δ 2 to the overall optical power. Splitting the expression of S (f ) into two parcels and dealing with the integrals separately, we find that the results are complex sinusoidal functions with the oscillatory parameter (the product KL which governs the oscillation of the sinusoidal function) being the distance of the fiber:
where we have condensed the factors δ 2 R and 1 − δ 2 R into A 1 and A 2 , respectively, and S (f ) = S 1 (f ) + S 2 (f ). We would like to highlight that this modelling approach is rather intuitive as it has a somewhat direct correspondence to OTDR-like traces, i.e., the signal contributions from different portions of the fiber are independently weighted and piled up forming the resulting trace. The difference here is that, instead of step functions as in the standard OTDR, the signal contributions are sinusoidal functions that oscillate more or less within the frequency range of the sweep depending on the fiber length to which they are associated.
In [8] , a similar expression has been derived following a distinct mathematical framework. There, however, the phase factor of the monitoring signal has been disregarded and the authors focused on the magnitude of the phasor in order to obtain an OTDR-like trace by employing a Fourier Transform. As we show in the next section, the phase factor is rather sensitive to changes in the fiber and, if used in conjunction with the magnitude information, may raise the precision of fault location. In order to take both the phase and magnitude informations into account, a fitting procedure in the complex frequency domain is necessary and, although the result is not presented as an OTDR-like trace but, rather, as an event list, it is possible to extend the spatial resolution beyond the limit imposed by the Fourier Transform.
Although the Fourier Transform operator is unambiguous, there are some pitfalls that may arise from computational methods: the non-localizability of the Fourier Transform operator causes it to interpret all frequency components with the same weight; for that reason, there are several methods in the literature that focus on enhancing the localizability of the Fourier Transform operator through signal processing in order to enhance the spatial resolution of frequency measurements ( [13] and references therein). Such methods, however, tend to be very expensive in computational complexity even though the result is equivalent to the fitting procedure demonstrated in this document. The fitting procedure on the frequency domain is much more attractive in our application since the phase information is highly dependent on the position of the break which translates into a computationally cheap and accurate method for determining the position of a fault thus enhancing the achievable spatial resolution with respect to a straightforward Fourier Transform.
The result conveyed by Eq. 5 is that S (f ) is the sum of two sinusoidal terms which take different arguments corresponding to the length of fiber traversed by the backscattered optical signal. From the expressions of Eq. 5, we may attempt to write a generic term S g for the backscattered signal from a fiber of arbitrary length X. This generic term is a function of both the frequency and the fiber length and has the form presented below, where we took the liberty of expanding and simplifying all terms:
Note that, for an arbitrary number of non-reflective faults along the fiber link, the procedure presented in Eq. 3 can be used indefinitely. Moreover, the backscattered signal from an optical fiber link which contains a number N of fault events along its length will be represented as the sum of N generic terms presented in Eq. 6, each dependent on the fault position X i and with different amplitude factor A i , so we may write:
The expression of A i gets progressively intricate as the number of fault event rises as can be perceived from the right-hand side of Eq. 4: with N terms, for instance, the value of A N depends on the values of all A i from N − 1 downto 1 which also holds true for A N −1 and so forth. Extending the expression of A i for any number of fault events yields the following:
Once the non-reflective events have been considered and modeled, we turn our attention to the parcel associated to reflective events. Observing reflections along an optical fiber link has been a matter of extensive research and, as previously commented, Nakayama et al. were able to detect such reflections with a similar experimental apparatus [11] . In a way, therefore, reflection events are manageable and the method hereby proposed offers a means of not only identifying these specific events, but also the non-reflective ones. As we know, reflective events are always accompanied by a loss of intensity due to energy conservation conditions (namely, the r 2 + t 2 = 1 condition at any partially reflective interface) but the converse does not hold, i.e., an intensity loss may or may not be accompanied by a reflection. Generally, loss events that are not associated to a reflection peak in standard OTDR measurements are due to absorption or irradiation effects, such as macro-and micro-bend losses [14] .
Reflection events are more easily observed since the high-frequency issue does not arise in modeling its amplitude and a sinusoidal function which reflected back will arrive at the Lock-In Amplifier as a sinusoidal function with lesser magnitude and constant phase. Hence, taking reflective events into account is as straightforward as including a constant magnitude and constant phase factor to the model. We, then, rewrite Eq. 7 as
with I R ⊆ I, meaning that the set of reflective events is a subset of all the events but not necessarily equal to the latter. In the same fashion as Nakayama et al. considered the Rayleigh backscattering some sort of noisy contribution that could spoil the reflection measurements performed [11] , we consider the reflection events as noisy contributions that can spoil our fiber characterization method. Suppose, for instance, that a optical fiber link presents a non-reflective event at position x and a reflective fiber-end at position L. If the reflective fiber-end contribution rises above the backscattering power level, the non-reflective event won't be observed even though it is there.
Experimental Results
We first wish to validate the mathematical modelling of the signal arriving at the Lock-In Amplifier. For that, we simulated the results from Eq. 7 using N = 1, X = 1.55km, and a frequency range of 100Hz to 100kHz. We then compared the amplitude and phase data with the results acquired from measuring a 1.55-km standard optical fiber within the same frequency range using our proposed method. The amplitude of the modulating signal throughout all experiments were kept at one eighth of the full modulation depth. The result is depicted in Fig. 2 . Even though the results show good agreement between simulated and experimentally acquired data, there is still a slight discrepancy, specially in the phase data series. Note, however, that the generic term presented in Eq. 6 depends on f and X but also on α and n, the fiber's attenuation coefficient and the group index of refraction of the fiber, respectively. Since, from an optical link monitoring perspective, there is usually no a priori access to such information, we utilized standard values within the International Telecommunication Union (ITU-T) specification range, i.e., α = 0.21dB/km and n = 1.4682 [15] . Nevertheless, these values may suffer variations from one fiber to the other and the discrepancy perceived between simulated and experimental data may be attributed to that.
Observe that, from a systematic point of view, if one was capable of identifying which frequencydependent sinusoidal functions are present in a data series originated by the monitoring procedure described -which is equivalent to finding all the generic terms of Eq. 6 that compose the signal -, the eventual positions of faults could be determined. Before that, and in order to further investigate the correspondence between the mathematical model and the experimentally acquired data, as well as determining the availability of this fiber characterization method, we conducted laboratory tests referenced by a standard OTDR device with previously unknown fibers (unknown length and attenuation coefficient). First, the amplitude and phase profiles were extracted from the fiber in its original configuration using the Lock-In Amplifier. Afterwards, a fiber bend loss was induced in an arbitrary position also with unknown magnitude. The goal is to identify how a fiber bend alters the transfer function's profile, so the amplitude and phase profiles of the modified fiber were extracted using the Lock-In Amplifier.
From the results of Fig. 3 -a and Fig. 3-b , it is clear that tempering with the fiber has a direct effect on the signal measured with the Lock-In Amplifier, so the possibility of quantifying the effect by employing our knowledge of the mathematical model is a straightforward assumption. To assess the capability of identifying a fault event along an optical fiber link, the OTDR trace of the unknown fiber was acquired in its original and fault-induced conditions. At the same time, a model fit of the amplitude and phase profiles was ran based on an extensive search heuristic developed in MATLAB : the algorithm sorts an arbitrary fiber length and calculates the generic component (Eq. 6) of our mathematical model; it then calculates the minimum square error between the original profile (the fiber without the induced fault) summed with this generic component and the profile after the induced fault; the position (X i ), amplitude factor (A i ), and attenuation coefficient parameters are adjusted to find the candidate that best fits the new result.
Note that the nature of the mathematical model enables one to test an arbitrary number of generic components in order to best estimate the fiber fault position. In a sense, the spatial resolution is limited by the amount of generic components one is inclined to test since the higher this number, the longer the algorithm will take to come up with a result. In the examples that follow, the generic components were created each separated by 1 meter, i.e., for a 4-km fiber, four thousand components will be tested and the one that best fits the acquired signal will be selected. The non-linear search algorithm employed in MATLAB , however, must deal with four parameters at a time (position, magnitude, α, and n) so the average processing time revolves around 100 milliseconds. Increasing this separation over 1 meter will be computationally costly and ever slower, for which reasons we set 1 meter as our default separation between generic components achieving a ∼ 5 minutes computing time. The developed algorithm along with a testbench data series is available at [16] .
We tested two different optical links: Link #1 has its amplitude versus phase profile presented in Fig. 3 and corresponds to a 4 .90-km long composition of two fibers with the induced fault at ∼ 1.58 kilometers. Link #2 corresponds to a 6.67-km composition of two fibers with the induced fault at ∼ 3.36 kilometers. The results are shown in Table 1 , for which we found a less than 10 meters difference between the standard OTDR and the low-frequency sweep measurements in both cases. This results are a clear indication that the Fourier Transform limitation of I-OFDR has indeed been overcome since a 100kHz frequency sweep would allow for a maximum spatial resolution of 2 kilometers. Since the links were composed by different fibers spliced together, the mean attenuation coefficient α for both links was also determined neglecting its variation from one fiber to another. This assumption was necessary in order to avoid too many free parameters in the fit, improving the convergence and robustness of the method. In other words, the value of α found by the software corresponds to a mean of the attenuation coefficient along the whole optical link. Link #1 presented an estimate of α = 0. Another striking result of the low-frequency fiber characterization is presented in Fig. 4 . A ∼ 1.10-km fiber link was previously characterized and, subsequently, faults were induced -one at a time -at different positions. Each fault was measured by the low-frequency technique and also characterized by a standard OTDR. The results are plotted against each other in Fig. 4 and not only attest that the model describing the Rayleigh backscatter signal is robust, but also indicates that fiber monitoring could be achieved using the low-frequency step method. The results of Fig. 4 are acquired by creating a 1.1-km optical fiber link with 0.1-km standard singlemode fiber stretches spliced together. The frequency response of the fiber without faults is determined via the experimental procedure previously described. Then, a single fiber bend is induced every 100 meter, and the fault fiber frequency response is acquired for each different fault position. The position of the fault is determined by the extensive search algorithm. The reference measurements for each faulty fiber is acquired via a standard OTDR measurement. Small refractive index differences between the spliced fibers composing the link and the algorithm's lack of precision are the responsible for the discrepancy between reference and measured fault positions. This discrepancy is translated on the deviation of the linear fit's slope.
Limitations and Impact on Data Transmission
To evaluate the limitations of the monitoring method, the achievable dynamic range was investigated. Since the output signal is not a standard OTDR trace, a different methodology had to be developed in order to determine the dynamic range: a loss with increasing magnitude was induced in a 1.55-km optical fiber and the resulting backscatter profile was processed by the developed algorithm. The induced loss was also characterized by a standard OTDR, which acted as a reference value. Table 2 , shows the intensity of the induced real loss (OTDR measurement) which varies from a clean link to a link with a loss of 6.9 dB in steps of ∼ 2 dB. Note that the contribution of the break component varies from 0% (clean link) to 100% (maximum achievable dynamic range). The fiber end contribution varies inversely, as expected. According to these results, the dynamic range is limited to a maximum of ∼ 6.2 dB, i.e., the maximum attenuation throughout the link which still permits one to identify the fiber end. In the access systems of RoF, the optical link distribution does not, usually, exceed 15 km. Therefore, even though the technique achieves low dynamic range, it is an interesting candidate for short range mobile fronthaul applications with low optical splitting ratios [10] .
The possibility of in-service network monitoring has been assessed by measuring the resulting Error Vector Magnitude (EVM rms ) for different data signal amplitude under two conditions: with; and without the monitoring tone. Once again, the monitoring tone amplitude was kept at one eighth of the laser's full modulation depth in order to simulate an eight-channel SCM network. The result indicates that the monitoring signal deteriorates the quality of the communication, even if by a very small factor. Under these conditions, however, the required EVM rms for LTE communication is respected with a large margin [17] .
It can be observed that, above a certain value of the data signal's amplitude, the quality of communication is deteriorated. This behavior is associated to the laser's non-linear response region, achieved when the modulation signal violates the laser's full modulation depth at around 1. 
Conclusions
The recent interest in the deployment of SCM-PON and cost restrictions imposed by modern commercial needs bring up low cost embedded monitoring techniques as an essential tool for operational success of access networks. Although a method capable of replacing one optical sub-carrier channel by a monitoring probe has been presented in [10] , dynamic range is limited by the 1/f factor impairing backscattering measurements inside an optical sub-carrier. The results presented here shows that an embedded in-service short-reach link monitoring can be performed and the impact over data transmission is expected to be not higher than the cross contribution from any two sub-carrier channels due to the probe signal's very nature. Using the baseband for monitoring purposes, the method benefits of the high-sensitivity low-frequency detection and further overcomes the high-frequency issue, fully preserving the RF sub-carrier band for data transmission. Fulfilling the steady state condition over the round trip path along the fiber during the measurement is imperative for the performance of the technique and a feature that distinguishes it from the technique presented in [11] . Nevertheless, minute-long measurement times are achieved in fibers a few kilometers long.
The mathematical model presented here is similar to the one previously developed in [8] but with a different approach, namely the development in the frequency domain when one represents the incoming signal as an integral of phasors originated from the modulated light coming from distinct portions of the fiber. The intuitiveness of the model is useful since the signal is not transformed back to the spatial domain as in standard C-or I-OFDR and the results are given in the form of an event table as opposed to an OTDR-like trace. The algorithm developed to treat the signal, even though simple and still limited enables highly reliable fault location, as backed by our experimental results contrasted to standard OTDR measurements. This is possible due to the fact that several signal component candidates may be tested and the one that best approximates the acquired complex signal in the frequency domain is selected. Using the phase combined with the magnitude information of the backscattered signal, we could overcome the Fourier Transform spatial resolution limitation of low-frequency measurements.
We believe that, as the method developed by [10] , the method presented here may also figure as a good candidate for embedded in-service short-reach SCM-PON monitoring, not demanding a sub-carrier channel for that purpose. Assuming that the data channels are delegated to highest frequencies (in the order of hundreds of megahertz), the base band would be unoccupied and could be reserved for the low-frequency probing tone herewith described. We also believe that the standard deviation reported in Figure 4 is the limitation of localizability of the phase measurement even when the fitting procedure in the frequency domain is employed. Even though we surpass the standard Fourier Transform limitation, there is still a Fourier Transform limitation to the technique, i.e., we cannot retrieve perfect information of the fiber unless an infinite frequency span is performed. Unfortunately, the Lock-In Amplifier employed in the measurements is incapable of reaching higher than 100 kHz frequencies and, therefore, we are limited to this spatial resolution of ∼ 10 meters. Higher frequency spans should improve the resolution, so conducting the experiments with a device specified for higher frequencies is a goal for future developments.
Location of multiple faults is, unfortunately, still impracticable with the present signal processing technique. We believe, however, that it could be achieved and leave it as our major future point of investigation.
